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IL The !DoBme of Comhinatms and Altermtms^ Im< 
provd and Compkatedy hy Major Edward Thorny- 
crofc. 



IN order to underfl-and what follows, it muft be obfer- 
ved, 

ift. That as in the notation of Powers, aaa a b b bcc 
is defignd by a* b c% and univerfally p times the pofition 
of a, q times the pofition of b, r times the pofition of c, 
by a? b^ c% fo in things expos'd likewife : funlefs where 
'tis proposed they ftiould be all different) which Indices, 
as they have here no relation to Powers, but expreft only 
the Occurrences of thofe things. to which they refpedively 
belong 5 I therefore call Indices of Occurrences, 

2dly, That as often as I (hall hereafter mention the 
Combinations or Alternations of the p'qsr«ors% (which 
confider'd by themfelves are capable of no variation) I 
mean of thofe things whofe Indices they are, 

gdly, That m is generally put for the whole number of 
things exposed, whether all different or not, i. e. equal to 
the fum of their Indices; andn, for fuch a number of 
them, as each Combination and Alternation muft confift of 5 
(unlefs prefuppofed equal) which explains what is hereaf- 
ter meant by. the Combinations and Alternations of m things 
taken n and n; or of m things taken m and m^ and the 
like Expreffioti, by whatever Symbols the number of things 
out of which the Combinations and AlternatioTis are to 
be made, or of which they are to coniift, may be de- 
fign*d. 

Aaaaaaaaaaa Lemm a 
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Lemma ift. 

If in a right Line, at any diftances^ be plac'd any num^ 
ber of things, abed, &c. the number of the Intervals 
ab, be, 'cd,&c. terminated each by two adjacent things, 
is one kfs than the number of things* 

For, whereas every Interval is terminated by two ad- 
facent things, if to any number of things, be added one 
thing more, one IntefvaJonly is thereby added, Q-E.D. 

Lemma, 2d. 

The number of the Alternations of m things abed, &c. 
different each from other, taken m and m, ism times the 
number of the Alternations of ra—i things a be, taken 
m— I and m — ^i. 

For, Cby Xem iftj the laft Letter d, befides thepoficion 
it hath, may havem— 2 pofitions, vm. in the Intervals 
which are between m— i things aic 5 but it may alfo 
have one more, for it mjybe put firft of all, it may there- 
fore have m pofitions ^ and thofe in ail the different Or- 
ders, whereof m~i things are capable j which being all 
the pofiible pofitions of d, in all- the varieties of a b c, is all 
the variety whereof the whole number- of things expofed 
abed, &€. is capable. Q, E D* 

Lemma 3d. 

The number of the Alternations of m things abed, &c. 
different each from other, taken m and m, is equal to m J 
m— ix mm— 2 ^ ra— 5 x m~^^&c. continued to m places. 

For let mO, exprefs the number of the A lternations of 

ra things different e^h from other 3 ra— i O, of m— i 

things and the like. 

Tis evMent that if m.= i, It will be m O = nij for 
there can be but one order of one thing. 

And if m be greater than unity, then w^ll it be(by Lem.2) 
iiiO==:m>m~iO = mH m— i x m— 2 O ^kx m-^i * 
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m— 2 « m— 3 O =, €p'c. till we have an Eguation con- 
fifting of ra places 3 i, e, =:m x m — 1 k m-~2 h m— 3 » 
^<^. continu'd to m places. Qs E D. 

Lemma 4th. 
If ni» Exprefs the number of the Alternations of m 
things ap b c? d^ e'f • e^r. taken m and ra, and * the number 
of p% 4 the number of q', y the number ot r', it will be 

mxm~i X m— J x m^- ; x m"-4 " m— ^ x Jt e. coatiou'dtoinplac<»» 
fri i^w^ ' ' ' ' ^ - 

** p X p_i X p-a X &c« X 5 X q-i X &«. P X r X t~i K Sec y eaeh Sttkicomtnued to 

P> q, r, c^f . places refpeftively. 

For the number of the Alternations of any number of 
things, however divided into parts, is produc'd by a con- 
tinual Multiplication of the Alternations of thofq things a- 
mongftthemfelvesrefpeaively,which compofeeach part.into 
the number of their Alternations one amongft the other; i. e. 
in the prefent cafe I'the feveral occurrences being fuppofed 
to compofe the feveral parts, and confequently the number 
of the Alternations of the things compofing each part equal 
to unityj m « == to the number of the Alterhations of the 
things compofing the parts one amongft the other t, but the 




compofe each part in both cafes, are different from the reft 
of the things expos'd 5 i. e. by Lem. 3d. 

ir. X .-. » X M^-, X m-j •« >"-/! X r"--' X ^-f /-i-rtifiiied torn placM 
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BJtiw < t*«»»» m ' "«*K^;y' * 



to p, q, r places refpe6tiyely. Q- £• D. 

Lemma 5th*' 
The number of tbe eombinations of m things a be d, 
&c. different each from other, taken n and n, iiequal to 
mx m-iHm-axnv-jx &c. ^g^|j Seriescontinoed to o places 

For it the things exposed be divided jo two parfs, ti/^. 
in the r^^i^ of pand ni--n, 'tis evident that their difFcreni: 

AaEaar;aaaa%a a Com*. 
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binations taken n and n, are prod ucM by the Alternations 
of the things compofiDg the parts one amongrt rfae othv^r : 
And therefore the number of thofe =: to the number of 
thefe ::= to the number of the Alrernations of m thmgs 
taken m. and m, the Indices of whofe occurrences are n 

r\A rvk n ^ X ni—i ><^ y-'-'Z X m^ -3 y de c, concioued to m placet 

aUU ill— — U =r yj ^ n^i H &c. x m— n x m-ii-i x xc.each Series contii:ued ton and m-n 

places refpedively (by Lem. ^di) i. e. becaufe n + m— n 
^ ^ ^r .xn.--Txn.^2x^,.,^c, ^^^l^ Series continued to n places 

n X n-iXri-2 x h-j &c. * 

Q ED. 

But the number of the Alternations in every Combina- 
tion is =: n j< n — I X n -^ 2 x n — • 3 x, ^^. continued to 
n places, by Xe;K^. 3d therefore. 

Lemma 6th^ 
The number of the Alternations of m things a be d, &c. 
different each from other,, taken n and n, is == m x m~i 
^ m — 2 X m — % ^, &c. continued to n places. Q- E. D. 

Scholium* 
Shice in the things expos'd the fame things may occur 
more than once, and alfo n be lefs than m, the Indices of 
the occurrences which are in fome of the Cbmbinatidns of 
m things takenn and n, may differ from thofe which are 
in others 5 but thofe Combinations, the Indices of whofe 
occurrences are the feme, are faid to be in the fame form ; 
Therefore whereas n is equal to the fum of the Indices 
which are in each Combination taken n and n, if n be 
exprefs'd by all the different Combinations of fuch Indices 
only (being integer numbers) whereof no one may exceed 
the highefl: Index of the things expos'd, arid being more 
than one in a Combination, are each of them, which are 
in the fame Combination, comprehended in a diftind In- 
dex thereof 3 thefe ExprefEons of n will neceflarily be the 
feveral forms of the Combinations taken n and n, where- 
of m things are capable : Whence is deri/d a General 

The. 
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Theorem for finding the Combinations and Alternations 
of m things taked n and n univerfally : i. e. Wiiether ra 
confift of things ail different or not, and whether n be 
equal to, or lefs than ra. 

Theorem. 
If n be exprefs'd, according to all the different Forms 
of Combination which the things expos'd are capable of, 
f p = the higheft Index^;^ * = tlie number of p'^In every 

and ^^ ~ ^^^ "^'^'^ higheft \& = the number of q^Horm of 
*r = the next higheft y^ = the number of rfConbi- 
f = the next higheft ( / = the number of {' jnation 
&c. 

the number of. all Indices not lefs than pi Which are 
the number of all Indices not lefs than qf in the 
the number of all Indices not lefs than rf things 
= the number of all Indices not lefs than f J Expos'd 

and b = « -f j8, c = b ■+■ y, d — c + «l*, &c, 

I fay the number of the Combinations of m things fa- 
ken n and n, in any one Form of Combination, ftiail be 

AxA— ixA — 2 . B— *>«B-*--i . C —b X C— b—x 

'I r — xyc.'*. — —-— ~ — X xS>c, x" — — — ■" — ■" 

(5 X j( — « I >< * — 2 ^ *■ p *"* 1 y *' y "~" ^ 

H e?c. ^T"^^—^ — -— ^:^ ^c. continued to fo manf Terms 

as there are different Indices in the form of Combination 
and each Term to \ j, y, ^, &c* places refpedivdy, and 
this number multiply 'd into 

>« n-x K 11-2 X f) -3 X n-4 x xi-^t x n-s x r— 6 6cc. continued ton places, 

^^**_* ^_^___ I II ______»___„„...___I J . ».-, ,_. -- . . , , ^n._ ____«l— « 

^^^^„gmmsui0mmimmm^mwmmrm3am^ ' ft » » .■ nmir -m mi mm ' ^ — gjt . i > ii m il i »ii im ipw*— — *— ** ^j 

p X I'— I + p-'2 H 6tc-| ^ q X q-- 1 X &: \«^ X r X r..i X 6cc.K ^ &c.«;sich Series continued to p,q fr 

&c. places refpeftively, ftiall be the number of their Aker- 

nations* 

But the fum of all the Gombinations and Alternations 
which are in every Form of n, (hall be the whole number 
of Combinations and Alternations of ra things taken ii 
and n. 
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Deatanjiration, 

Firft, Then 'tis evident, that thofe Gombinations, which 
are in different forms, differ from each other. 

Again," *Tis evident that the Coiibinatidns of m things, 
as ap bp cp d^ e^ 'f^ g' h' i\ &c. (the Indices fimply confi- 
der'd) taken n and n, in a form wherein are p' q'and r»» 
(hall be equal to the number of the Gombinations of the p^, 
which are in the things expos'd, taken *and^, multiply'd 
into the number of the Combinations of the q* taken iS and j2 
multiply'd into the number of the Combinations of the r* 
taken j-andy. 

But becaufe p and all lef^r Indices a/e comprehended in 
every Index which is greater than rhemfelves 5 therefore is 
A == to the number of p* which are jn the things expos'd, 
and for the fame reafon, would B == the nurader of the 
q*, and G the number of r* : But the number of the p*, 
which are in every form of Combination, is = « 5 there- 
fore is B — * = to the number of q'5 alfo becaafe the 
number of p' and q» together, which are in every form of 
Combination, wherein there are qv is == * + » =| b 5 
thereforeis G — b = to the number of r», and fo on, how 
many foever were the different Indices in any form of Com- 
bination. 

But (by £<?«?. 5thJ thenumber of the Combinations of 
the p', which are in the things expos'd, whofe number is 

A, taken *and«t,is = ^^^_i x^ — 2 ^^' continu'd to 
* places, and the number of the Combinations of the q*, 

whofe number is B— *, taken $ and ^, is = ' ~^* ^ ^ .ZT"^ '' 
*^~~* 2 ^^^ continued to ^ places, and the number 
of the Combinations of the rv whofe number is C — b. 
taken > and >, is ^^^=^~^5~=^ ^'^. continued to > 
places Q:E,D. But 
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But every Combination, in one and the fame form, af- 
fords the lameniimber of Alternations : Therefore, the 
number o.t Alternations, in any one form, is fo many times 
the number of Combijaatioos, as is <he number of Alter- 
nations in any one of chcie Combinations. 

But (by lerd, 4th) the number of Alternations in any 
of thole CorabinBiions (hall be 

n X n-ri >J n— 2 x n-j x ii^^ 4^'i>-5 x i>-6 ^ &c. continued ton places 

p X P--1. X P-.2 X &C.1 ** q >^ q-2 ^ ^cl*^ '^ ^ K r-t X 6cc.K ^ cachSeiici cofit'nued to p q r 6cc . 

places refpeftively- Q- E- D. 

Now to make an application of this general Rule to thoft 
particular cafes which have already been confider'd by o- 
thers, and which arp contained in our 3d, 4th, 5th and 6th 
Ltmmis^ and by us more generally demorifkrated 5 I fay 

If n = m, there can be bur orc form of Combination, 
and but one Combination in that form j and therefore the 

number of Alternations = •^T^rrr^,,^ x q ^ q... .^ std '^ " rT&^i>- 
&c, each Series to p q r, &c. places refpeftiveiy, *. e. 
(if prr: i).-=:m x m— i x ra— 2 x m— 3 x 111-4 x d^^. 
continu'd to m places, which are the cafes of the 4th and 

3d Lemma's. 

But if the things expos'd are all different, and n be lefs 
thanm, which is the cafe of the $th and 6th Lemmd'f, 
then alfo can there be but one form of Combination, and 
it will be A r-: m 8c « .-=: n, and the whole number of Com- 

_ftxA— 1 X A—a * ^c , . _ m xtri"-! "1:11 — 2 "^V 
binations =^,-^-r777-^2 *^c, '' ^' "~n « n— 1 x n — 2 ^&'c 
each Series continued to n placet, and therefore the num- 
ber of Alternations =-- m * m ~i x m— 2 x ^c. continu'd 

to n places. 

But fully to lUaftrate this Theorem, which, as deliver- 
ed in general, may feem fomewhat too Abftraded, to be 
commonly underftood, I (hall fub Joy n one Ihort Exam- 
ple. 

Ex- 



Let the things exposM be a a a b b b cc, or according to 
our way oi notati6n a^ b^ c^ 5 Tis required to find the nurii- 
berot their Combinations and Alternations taken 4 and 4. 

Then (becaufe in the things exposed, there is no one 
thing occurs more than thrice, nor more than three things 
different from each other) will all the forms of Combinati- 
on, which the things exposed are capable of^ be thefc, 

vi%. *s2 . a > Then 
C2 . i . i) 

In the 1 ft form will p =5,q —i^tt^h = r^ A = 3,B := j 

In the 2d form will p = i, « — - 5^ == 2, ~— , A = 3, «~~. 
In the 3d form will p == 2, q = 1,^ = i> i3 =^ 2, A = 3V B == $ 
The number of Combinati- «- ^ x B%^i8 _, 2 ^j2. „^ 

ons in the i ft form a $ 1 i 

The number of Combinati- _ A x A — ^ 1 _ 3 x 2 ^ . 
ons in the fecond form a x a— -i 2>i ~ ^ 

The number of Combina- _ A , B--^ ^ B-ct— i _ 2 x i _ 
tions m the 3 d lorm > jS^/g^p^i 2xj 
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And the whole number of Combinations =10 

Alfo the number of Alternations. 

n X fl^i x n^2 X n-»? 4 X J X 2 X r 

In the ift form = 4 x ;77T7p|«xq^=4 Trrr.i.K =4 >< 4=^^ 
In the 2d lorm = 3 x z—:^^ ^ ==4.x— , 2 = 2 x6=: j8 

p X p-ll * T^ 2X ij -^ 

n'x n-i X n>«2 x n«-j 4^3X2X1 

inthe^dform^u^^^^jc* ,^^ =3 ^i^i^xx *=3 ^ ^2=36 

And the whole number of Alternations = 70 

Many are the Properties of this Theorem^ in common 
with others, as, To find the Vnci4e oi a Multinomial 

rais'd 
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raisd to any Integer power. To raifc an Infinite Series to 
an integer power, though of an interrupted Order, with- 
out introducing any thing immateifal, or which mud af- 
terwards be expung'dj and many others. But then fo 
many Terms of the Series mutt be taken in at firft as (hall 
ferve to the purpofes of the intended approximation, 
otherwife as often as it ftiill fall fhort of that, the Opera- 
tion ffiuft be began de mm. 

Manylikewife are the Properties peculiar to this Theorem, 
and great Variety of Problems might be fram'd 5 and I 
fcruple not to fay, many may occur -in Praftice, which 
are folvable by this, and no other Method whatever. 

Hence may be found the number of Words whereof the 
24 Letters are capable, from one Letter in each Word, tp 
any number of Letters givcn^ 

Hence may be found the number of all Numbers, to 
any given number of Places, which may be produc'd from 
any number of Figures given. 

Hence alfo the Compafs of a Mufieal Inftrument being 
given, the Time and number ot the Bars, whereof eacii 
Tune ftiall confift, the number of Tunes may be found 
which that Inftrument is capable of. 

To give an inftance of the prodigious variety that there 
is in Mufick, I have Calculated the number of Tunes in 
Common Time, confifting of eight Bars each, which rm^ 
be play'd on an Inftrument of one Note Compafs only, 
and it is this, »/&. 27584. 270157. 013570. 36858'^. 
999728. 299176. whrreasthe Changes on 24 Belis is but 
620448. 401735. 239439. 3600Q0, which is but 

_„ — ^,^__.-»...— . of the number of Tunes, and yer \m 
444588, 604589 "^ • 

Wdlis in his Algebra deorlondrates, could not bedilp: d a 

1031557. 600000. ooooco years. 

If then the Inftrumenr were of as many Note<^ C r 

as any Inftrument now in ofe, how prodii*ii u^ v : a ^^ 

Bbbbbbbbbbbb 
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number of Tunes be encereas'd^ the Calculation of which 
(tho much more intricate and operofe) would be equally 

attainable by oar Tbaorern*. 




III. Of Ojjificatms or TetrifaBions in the Coats of 
Arteries^ particularly hi the Falves of the Great Jr^^ 
tery^ hy William Cowper, Surgeon^ and F. ^S. 

Ow far Anatomical Enquiries inform in the true 
caufes of Difeafes, which have been afcribed to 
the want of Spirits in fome,and Radical Moifture in Aged 
People^ &c. may be in fome mcafure feen by two Ob- 
fervations, among others, publifht in the Tranfadions 
Ko 280 : The firft there mentioned, pag, 1 195, is of a 
young Gentlewoman, in whom the Parktes, or Mem- 
branes, that compofe the Trunks of the Arteries of the 
Arm near the Axilla^ being very much thickened, fothat 
the Diameter of its Bore was lellened to more than a third 
part of its natural fize ; infomuch that a part of the 
Trunk of the Artery cut Tranfverfel very much vckm* 
bled a bit of the ftem of a Tobacco-pipe, its fides were 
fo thick, and its Bore conlequently fb much leflened : 
The other was of the Trunks of the Arteries of the Leg, 
pag. /^. that were Obftruded by Petrifaftions or Oflifi- 
cations, in a perfon about the 67th year of his Age. 
Since which I have met with feveral of the like Inftances 
in people of years, particularly in the Leg of an old 
Gentleman, whofe Toes and Foot were Sphacelated, the 
Arteries of whofe Leg I have ftill by me, and have fent 
them herewith Injeded, as much as they could be, with 
Red WaK J in which the Offifications diminiihing their 
Channels in fome places, and totally obflrufting them in 

others^ 



